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Abstract 

Topological excitations are usually classified by the nth homotopy group ir n . 
However, for topological excitations that coexist with vortices, there are case 
in which an element of 7r„ cannot properly describe the charge of a topological 
excitation due to the influence of the vortices. This is because an element of 7r n 
corresponding to the charge of a topological excitation may change when the 
topological excitation circumnavigates a vortex. This phenomenon is referred 
to as the action of tt\ on 7r„. In this paper, we show that topological excitations 
coexisting with vortices are classified by the Abe homotopy group K n . The 
nth Abe homotopy group K n is defined as a semi-direct product of 7rj and 7r„. 
In this framework, the action of ~K\ on 7r„ is understood as originating from 
noncommutativity between 7Ti and 7r„. We show that a physical charge of a 
topological excitation can be described in terms of the conjugacy class of the 
Abe homotopy group. Moreover, the Abe homotopy group naturally describes 
vortex-pair creation and annihilation processes, which also influence topological 
excitations. We calculate the influence of vortices on topological excitations 
for the case in which the order parameter manifold is S n /K, where S n is an 
n-dimcnsional sphere and if is a discrete subgroup of SO(n + 1). We show that 
the influence of vortices on a topological excitation exists only if n is even and 
K includes a nontrivial element of 0(n) / SO(n). 



1. Introduction 

Topological excitations exist in various subficlds of physics, such as con- 
densed matter physics, elementary particle physics, and cosmology. They have 
been observed experimentally in superfluid helium systems, gaseous Bose-Einstein 
condensates (BECs), and liquid crystals. Topological excitations appear in or- 
dered states, where the symmetry group G of the system reduces to its subgroup 



Preprint submitted to Elsevier 



December 20, 2011 



H by spontaneous symmetry breaking. In an ordered state below the transition 
temperature, a system is characterized by the order parameter and is degener- 
ate over the order parameter manifold A4 ~ G/H, " ~ " shows the relation 
of homeomorphism. The homotopy group is invariant under homeomorphism. 
In the low-energy effective theory, the order parameter varies in space within 
A4, so that the spatial variation of the order parameter costs only the kinetic 
energy. Topological excitation is defined as a nontrivial texture or singularity 
that is stable under an arbitrary continuous transformation in M. 

Topological excitation is usually classified by homotopy theory 0, 0, 01, IH HI • 
The homotopy group not only determines the charges of topological excitations, 
but also stipulates the rules of coalescence and disintegration of topological ex- 
citations. For example, in the case of scalar BECs or superfluid helium 4, the 
symmetry group G — U(l) reduces to H — {1}, and the order parameter man- 
ifold is G/H ~ U(l). Because %±(U(1)) = Z, vortices created in these systems 
are characterized by integers, where " = " shows the relation of isomorphism, 
and Z is an additive group of integers which implies that two vortices with 
winding number 1 can continuously coalesce into a vortex with winding number 
2. 

The nth homotopy group 7r„ can classify topological excitations with the 
dimension of homotopy n = d — v — 1 (n = d — v) for singular (nonsingular) 
topological excitations, where d is the spatial dimension and v is the dimension 
of topological excitation. Examples of singular topological excitations include 
a domain wall, a vortex, and a monopole, while those of nonsingular ones in- 
clude a Sine-Gordon kink, a two-dimensional skyrmion, and a three-dimensional 
skyrmion. This classification is valid only when there is no other topological ex- 
citation with different dimensions of homotopy. In the case of d = 3, however, 
when a vortex (n = 1) and a monopole (n = 2) coexist, tt2 is not always 
applicable for labeling the monopole. Such a situation may occur in Kibble- 
Zurek phenomena 0, @] ■ When we rapidly cool the system from a disordered to 
an ordered phase, topological excitations emerge spontaneously, because order 
parameters far away from each other are causally disconnected and can grow 
independently. Hence, it is possible for vortices, monopoles, and skyrmions to 
arise simultaneously and coexist. In such a case, topological excitations can 
influence each other and the very concept of the topological charge needs to be 
carefully reexamined. In this paper, we consider the situation in which topo- 
logical excitations with the dimension of homotopy 1 and n (> 2) coexist. A 
nontrivial influence between a vortex and a monopole was first discussed by 
Volovik and Mineev and Mermin They have shown that a nontrivial 
influence of a vortex on a monopole exists for a nematic phase in a liquid crystal 
and a dipole-free state in a superfluid 3 He-A phase. For the case of a nematic 
phase in a liquid crystal, there is nontrivial influence of a disclination (a half 
quantum vortex) on a monopole. This influence is physically interpreted as a 
monopole with a charge 1 changing its sign after rotating around the disclination 
(see Fig. [IJ. Thus, if the disclination coexists with a monopole, the monopole 
charge defined by 112 is no longer a topological invariant. This effect is to be 
understood as the 7Ti action on 7T2 . The influence of a vortex has been discussed 
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Figure 1: A monopole with charge +1 transforms to a monopole with charge 
a complete circuit around a disclination Q . 



-1 by making 



in the context of classification of topological excitations in Refs. [H, 0, [M IH HI • 
In high-energy physics, Schwarz showed that symmetry breaking 5*0(3) — > 
Z2 ix SO (2) causes an influence of an Alice string on a monopole Here, " k " 
is a left semi-direct product, which means that Z2 nontrivially acts on S0{2). 
Bucher, et al. studied the dynamics of the Cheshire charge that coexists with 
an Alice string 



11]. 



In this paper, we use the Abe homotopy group to incorporate the in- 
fluence of vortices on a monopole in the classification of topological excitations. 
We also show that the Abe homotopy group can classify all topological excita- 
tions under the influence of vortices. The nth Abe homotopy group is composed 
of tti and 7r„. If elements of tt\ and ir n do not commute, a nontrivial influence 
of vortices is shown to exist. The noncommutativity between m and 7r„ can 
naturally be incorporated into the structure of the Abe homotopy group. From 
the property of the Abe homotopy group, we show that the conjugacy class of 
the Abe homtopy group gives the physical charge of the topological excitation. 
The noncommuntativity between elements of ~k\ and 7r„ implies that the Abe 
homotopy group is isomorphic to a nontrivial semi-direct product of w± and 7r„ . 

We also calculate the influence of vortices for the case, in which M. ~ SO(n+ 
1) / (SO(n) xi K) ~ S n /K, where S n is an n-dimensional sphere embedded in 
R' i+1 and if is a discrete subgroup of SO (n+ 1). Using Eilenberg's theory (T3 |. 
we show that there is a nontrivial influence of vortices on topological excitations 
with homotopy dimension n > 2 if and only if n is even and K includes the 
nontrivial element of 0(n)/SO(n). 

This paper is organized as follows. In Sec. [21 we define notations used 
in this paper, review homotopy theory in Sees. 12.11 - 12. 3[ and apply the Abe 
homotopy group to the classification of topological excitaions in Sec. 12.41 In 
Sec. 02 we calculate the influence of vortices by using Eilenberg's theory [llij]. 
In Sec. EH we apply the Abe homotopy group to liquid crystals, gaseous BECs, 
and superfluid helium systems. We confirm that an influence of vortices exists 
in the case of the uniaxial nematic phase in a liquid crystal, the polar phase in 
spin-1 BECs, the uniaxial nematic phase in spin-2 BECs, and the dipole-free 
A phase in a superfluid 3 He. We find a nontrivial influence of vortices on an 
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instanton classified by 7T4 for the nematic phase in spin-2 BECs. In Sec. [5j we 
summarize the main results of this paper. 



2. Homotopy theory and topological excitations 

2.1. Homotopy theory 

Let us consider an ordered phase described by an order parameter </>. A set 
of (j> constitutes the order parameter manifold M = {g0| v <? € G/H} ~ G/H. 
Here, G is a group of operations that act on (j> and do not change the free energy 
of the system, H is an isotropy group of G (i.e.,H = {jg G\g4> = (/>}), which 
is a subgroup of G and whose elements leave <p invariant. In general, an exci- 
tation which is accompanied with a topological invariant is called a topological 
excitation; it is invariant under transformations of G/H. 

Homotopy theory distinguishes whether an excitation is stable or not un- 
der continuous transformations. Two topological excitations are called homo- 
topic if and only if there exists a continuous transformation between them. 
Homotopy equivalence classifies mappings from S n to A4, and the resulting 
equivalence classes are characterized by topological invariants. For example, in 
three-dimensional real space R 3 , a vortex is a line defect and a monopole is a 
point defect. We can judge whether they are stable or not by the maps (filS 1 
and 4>\S 2 , respectively. Here, cf)\S n (n < 3) indicates that a domain of cj) is re- 
stricted from M 3 to S n . A set of the mapping from (S n , s) to (M, (po) is denoted 
by (Ai,4>oY S ' s \ which is called a functional space. Here, 4>o € M., which is 
defined by 0o = is called a base point. A homotopy equivalent class of 

/ € (jM,0o)^ 5 is denoted by [/]. A set of equivalent classes is written by 
iti(M., <fio), which features a group structure and is called a fundamental group. 
We can also construct a homotopy equivalent class of (A4,(j)oY s ,s \ which sat- 
isfies the group properties. A group of the equivalent classes of (A4, cj)oY s " is 
denoted by TT n (A4,(j)o) and is called the nth homotopy group. The stability of 
topological excitations is investigated by calculating n n (M, 0o)- 

If the homotopy group has an element other than the identity element, there 
exists a nontrivial topological excitation. Elements of a higher homotopy group 
ir n (Ai, 4>q) (n > 2) always commute with each other, whereas elements of the 
fundamental group iri(M, (/> ), in general, do not commute. If elements of the 
fundamental group do not commute each other, the corresponding two vortices 
create a rung structure upon collisions [l], EH ■ 

Consider two holes hi and each of them represents a vortex, in the order 
parameter space as shown in Fig. [5] The loops 71 and "f^'^ enclose holes 
hi and /12, respectively, in the clockwise direction. Here, (7^) does not 
enclose the hole hi but goes through the left-hand (right-hand) side of hi- We 
define a loop product 




(1) 
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Figure 2: (a) Schematic illustration of closed loops in the order parameter manifold with 
two holes hi and /12, where 71 and 72 are the loops enclosing hi and h2, respectively, in 
the clockwise direction. Here, the loop 72 that passes through the hole hi on the left-hand 

(right-hand) side is labeled 7^' (72^)- (b) Continuous deformations showing the equivalence 

t -1 (L) . (R) 

or 7j * 72 * 71 to 72 . 



5 



where / and g are maps satisfying / : [0, 1] — > (Ad, fa), /(0) = /(l) = fa, and 
g : [0, 1] — > (.M, fa),g(0) — g(l) — fa. Then, one can easily verify that neither 
72 nor 72 commutes with 71, i.e., "f^'^ * 7i 7^ 7i * 7^' i but that they 
satisfy the relation 7 1 ^ 1 * 72 * 7i = 7^- Hence, 73 i s n °t homotopically 
equivalent to 73 . However, since both 73 an d 72 enclose the same hole 
ft>2) they should represent the same vortex. Thus, we impose the following 
equivalence relation on -k\ (Ad ,fa): 

7^*7^*71-7^, i = R,L. (2) 

This equivalence relation is interpreted as a physical quantity being invariant 
under inner automorphisms on ni(Ad,fa). Therefore, the conjugacy class of 
ni(Ad, fa) classifies the type of vortices. If the fundamental group is commuta- 
tive, each conjugacy class is composed of only one element. 

2.2. Homotopy group with base space \x 

We discuss the classification of topological excitations in a system that in- 
volves vortices. The order parameter changes continuously except at vortex 
cores. Now, we assume that topological excitations with the dimension of ho- 
motopy n coexist with a vortex that does not directly interact with them. The 
topological excitations, however, are topologically affected by the vortex. In 
such a situation, we can no longer regard the element of ir n as a charge of the 
topological excitation. To define the topological invariant in the presence of 
vortices, we generalize the definition of the homotopy group using base space \x. 

First, we define the product of a path and a map of (Ad, fa)^ sn ' s \ Let us 
expand the domain S n to [0, 1] x S*™ -1 and define a map f h as 

/ b : ([0, 1] x S*™- 1 ^ x S"- 1 U 1 x S"- 1 U [0, 1] X s) -> (M,fa), (3) 

where and 1 are boundaries in [0, 1], s is a point in S 1 " -1 , and the subspace 
x U 1 x S 1 ™- 1 U [0, 1] x s is mapped to fa by / b . That f h is isomorphic to 
/ G (Ad, fa)( s can be shown as follows. We define a map ipi as a map from 
x U 1 x 5 n_1 to £0 U £1, where £ is an arbitrary point in x S 11 ^ 1 and £1 
is an arbitrary point in 1 x 5 n_1 . Here, ipi involves a map from a path [0, 1] x s 
to a path £o£i. Here, £o£i is along a meridian of S n when we regard £0 and 
£1 as the south and north poles, respectively. Under the map ipi, [0, 1] x S*"" 1 
is mapped to S n . Next, we define a map ip2 which maps the path £o£i and 
its complementary space S n — £o£i to £0 and S n — £0, respectively. Figure [3] 
illustrate the maps ipi and ip2 for the case of n = 2. Then, / b is related to / as 

/ b =/oVWl, (4) 

where "o" denotes the composition of maps: / o g{x) :— f(g(x)). Here, / b and 
/ are related in a one to one correspondence under ij)2 ^1 and belong to the 
same homotopy equivalence class of n n (A4, fa). Let rj : [0, 1] — > Ad be a path 
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[0,1] X s 




Figure 3: Mapping from [0, 1] X to S n for the case of n = 2, where the domain [0, 1] X S 

is a tube with a unit length. First, ipi shrinks the top circle 1 X S 1 and the bottom circle 
X S 1 to points £i and £o> respectively, which involves the map from the path [0, 1] X s to 
the path £ofl- Next, tf>2 maps §o£ito £ and the complementary space S 2 — §o£l to S n — fo- 
The bold curves and dots show the space which is mapped to 0o S M by f h . 




on M. such that 77(0) = 4>o and 77(1 ) = <fii, where 4>o and <pi are arbitrary points 
on M.. The product of the path and the map f° is defined as 

/b ^ MH / b (2*,*) forO<.<I,^ e ^ 1; 

7/(24-1) for i^Kl/ieS"- 1 . 

Similarly, we can obtain the product in a reverse order r] * / b . The product of 
the map / b and a loop I, which satisfies Z(0) = 1(1) = (j>o, is defined in a similar 
manner as 

for I < t < 1, y x e S 71 - 1 . 

We define the product of the elements [/ b ] € ir n (M, cj>o) and [I] € 7Ti(A4, </>o) as 
[/ b ] * W — [/ b * ln general, a homotopy equivalence class of the map [/ b * I] 
belongs to an element of ir n (M, <j>o) because / b * I is the same type of map as 
that defined in Eq. ([3]) which is isomorphic to an element of (A4,4>o)^ s ' S K We 
also define the product of elements of n n (M,4 l o). Let f h ,9 h to be elements 

Of (X 7 0)([O,l]x5"- 1 ,Ox5"- 1 UlxS"- 1 U[O,l]x,)^ The product between fb and g h ig 

defined as 

[s b (24-l,a;) for ± < f < 1, y x £ S 71 ' 1 . 

The product in Tr n (M, 4>o) is defined by [/ b ] * [g h ] := [f h * g°]. In the following 
discussion, we denote [/] = a (/ € (A^,0o)' S :S ' ) ) as the element of 7r n (.M, <^o), 
whereas the product of ir n (M,4>o) is defined by Eqs.flD, ©, and jJJ because of 
Eq. 0). 

Definition 1 (The nth homotopy group with base space /.i). Let /i be a 

connected subspace on M. , (/>q be a point on /x, and / be a mapping from (S n , s) 
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Figure 4: Schematic illustration showing the relationship between ir n (A4, <j>o) and n n (A4, <j>i), 
where <j>o and <j>i are points in fi which is a subspace of JV[ . 7r n ( M ,<j>o) is equivalent to 
ir rl (A / l, 4>i) if there is a path r] in fi that connects </>o to 4>\. 

to (Ai, 0o )■ Then, we define a set of equivalent classes which have base points 
on \i as £ n (M,n) = {[/] G 7T n (A4,</>)| v <?(> e fi}. For any [/] e n n (M , cf> ) and 
[.?] € 7r n (JW,^i), where (f>o,<f>i G /-t, [/] is equivalent to [g] if there is a path 
77 : [0, 1] —> fi such that 77(0) = <f>o, ry(l) = </>i, and 

[g\ = for 1 * [/] * m, (8) 

where * is dehned through Eq. ([5]). The equivalent classes of ( n (M,iJ,) under 
Eq. ([SJ form a group which we write as ir n {M.,n). Figure 0] schematically shows 
the equivalence relation. We call n n (M, fi) a homotopy group with a base space 
yU. We write an element of 7T n (Ai,n) by {/} instead of [/]. If fi = </>o, n n (M,fJ,) 
reduces to 7r„(A^,0o) and {/} reduces to [/]. 

We define the product and the inverse in ir n (A4,/j). Let {/} and {g} be 
elements of Tr n (SA,fi), and a map with a base point </>o be fa. The group 
structure of w n (M., /J,) is induced by ir n (A4, 4>o)- Namely, we define the product 
of 7r„ (M , fi) as 

{fa} * {50o> = {[fa] * [S0o]}- ( 9 ) 

Here, we can choose an arbitrary point on a base space /i as the base point 
because the element of ir n (Ai , fi) satisfies 

{fa} * {9<f.o} = {Ui} * {94>i} for V 0o,0ie/J, (10) 

where [fa] = [rj]' 1 * [fa] * [77] and [g^] = [rj]' 1 * [g^] * [77] with r\ being a path 
on /j, satisfying 77(0) = 4>q and 77(1) = <f>\. From Eq. (J9j> , we obtain 

iUo) * {/*} = {fa} for (11) 

where is a constant map defined by 1^ = (f>Q G /1 for v x G S*". Thus, the 
inverse of {fa} is given by {fa}- 1 = {f^}- 
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vortex P° int defect 




Figure 5: Equivalence relation for elements of iT2(M, I), where ~ denotes the equivalence and 
I represents a loop encircling a vortex. The left element involves a closed surface that encloses 
a point defect with respect to a base point </>o (4>o)- These two elements are equivalent in 
7T2(-M, I) because <po is connected with tj>i along a path in I, and both closed surfaces enclose 
the same point defect. We define the charge of the point defect for the equivalent class of the 
closed surfaces. The charge thus defined constitutes a topological invariant. 



The homotopy group with a base space /U includes the influence of vortices. 
Let [I] — 7 be an element of (j>o), which represents a vortex. [Precisely 

speaking, vortices are classified by the conjugacy classes of 7Ti ( M. , (f>o ) , as dis- 
cussed in Sec. 12.11 ] When we choose a loop I enclosing a vortex as a base 
space (see Fig. [5]), TT n (M,l) classifies topological excitations in the presence of 
a vortex 7, since topological excitations are independent of the choice of a base 
point on I. By the definition of n n (M,l), [/z(o)] and [fi(t)\ are equivalent since 
there is a path r\t : [0,1] — > I such that rjt(s) = l(ts) for any t,s £ [0,1] and 
[fl(t)] = Vi^ 1 * [fl(o)] * Vt- When t < 1, the equivalence relation [/ i(0) ] - [f l(t) ] 
gives a one-to-one correspondence between n n (M,l(0)) and Tr n (M.,l(t)). On 
the other hand, when t = 1, since 1(0) = 1(1) — <f>o, we obtain the equivalence 
relation 

[Uo] - liiUo]), (12) 

where 

7([/0o]):=7" 1 *[/0 o ]*7- (13) 

Hence, 7r„ (Ai ,1) is given by a set of the equivalent classes of ir n (M. , 4>o) under the 
equivalence relation (fT2|) and it does not depend on the choice of the reference 
element /: 

7r n (7W,7) :=n n (M,l) = ir n (M,cj> )/ ~ . (14) 

When the topological excitation returns to the original state after making a 
complete circuit of the loop, we have [f</> ] = 7 _1 * [f^ ] * 7, and (fT2|) is always 
satisfied. In this case, the homotopy group does not depend on the base point 
and thus we can represent the homotopy group without referring to the base 
point: 

Tr n (Mn) = nn(M,(j> )^K n (M). (15) 
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base point 



pinched torus 

Figure 6: A pinched torus, which is obtained by shrinking one nontrivial loop on a torus to a 
point. The domain of K2(M, <j>o) is homeomorphic to the pinched torus. 

If the action of m(M, O ) is trivial, i.e., 7([/<fc]) = [f<j> ] for any 7 e 7Ti(M, o ), 
the order parameter manifold M. is called an n-simple [l|, [Tj]. If the order 
parameter manifold is not an n-simple, the charge at the initial point a € 
n n (M,(f>o) is, in general, different from that at the final point 7(a). Then, the 
charge should be defined as an element of ir n (M,j). 

As a result, a charge of a topological excitation that coexists with a vortex is 
characterized by an equivalence class of ir n (M, (f>o) under the equivalent relation 
iUo] ~ l{[Uo])> where [/^ ] e Tr n (M,<p ). The topological charge defined in 
this way is invariant even in the presence of vortices. 

2.3. Abe homotopy theory 

In this section, we define the Abe homotopy group and explain its group 
structure. The description of topological excitations in terms of the Abe homo- 
topy group [IH is given in the next subsection. As explained in Sec. 12.21 a set of 
the homotopy equivalence class of maps from ([0, 1] x S" l_1 , x 5 n_1 U 1 x U 
[0, 1] x s) to (Ai, 4>o) is isomorphic to the nth homotopy group ir n (A4, </>o). The 
Abe homotopy group is defined as a set of homotopy equivalence class of maps 
from ([0,1] x S n '\0x S 1 "" 1 U 1 x S" 1 " 1 ) to (M,0 O )- 

Definition 2 (The nth Abe homotopy group [II El]). Let M be an ar- 
bitrary topological space and /? is a map such that 

fl : ([0, 1] x S n -\0 x S"- 1 U 1 x S"- 1 ) -> (M,<f> ). (16) 

The subspace x and 1 x are the top and bottom of the nth- 

dimensional cylinder, respectively, and they are mapped onto the base point 
0o by /? . A set of maps defined in (TT6l) is denoted by K n (M, 4>q). The 
homotopy equivalence classes of K n (Ai, (/>o) constitute a group, which is denoted 
by K n (M,(f>o). 

For the case of n = 2, ^(-M, ^o) is a set of the maps from (]0, 1] x S 1 , x 
S 1 U 1 x S 1 ) to (Ai, 4>a). If we identify all points on the top loop lxS 1 and the 
bottom loop x S 1 , the domain space [0, 1] x S 1 becomes a pinched torus as 
illustrated in Fig. |6l The nth Abe homotopy group is shown to be isomorphic 
to a semi-direct product of tti(M,<Po) and ir n (M,(f>o) by Abe [Hj]. Here, we 
review his proof. First, we show that Tr n (Ai, 4>o) is isomorphic to a subgroup of 
n n (M, 0o)- The map /? is a composition of ipi and /?' that maps (S n , £n U£i) 
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Figure 7: Successive deformations of [0,1] X S by tpi and ip2- The two loops X S 1 and 
1 X S 1 arc mapped by i/ji to two dots, which are then mapped by ifc to a single point £()■ In 
the Abe homotopy group, the space mapped to the base point 0o is X S 1 U 1 X S 1 , which is 
shown by the bold loops and dots. Hence, the space mapped to 4>o ls different from that in 

Fig. m 



to (M, <po). Because ipi only changes the space mapped to 0o as shown in Fig. O 
f$ is isomorphic to /| o ': 

fl=fl'°^- (17) 

We define a map f<j, such that 

U :{S n ,^)^{M,4> ). (18) 
Then, / 0O is related to /| Q ' by 

fH = U ° rh- (19) 

Note here that this is different from Eq. ((4]) . This map is not isomorphism since 
we can arbitrarily choose path £o£i which is mapped to £o by ip2- By Eqs. (|17|) 
and ([T9]l . we define a map from [M, 0o)^ 5 "'*°' ) to K n (M,(j)o) as 

: / 0O (M) ^ /| (t,x) = U„ o V>2 o Mt,x) for v t g [0, 1}? x E S"" 1 . (20) 

The homotopy equivalence class of /? corresponds to an element of K rl (A / i, </>q), 
whereas that of /^, corresponds to an element of n n (M, cf>o). Therefore, ip2 ° 
induces a map from ir n (A4,4>o) to K„(A / i,</>o) defined by 

:-K n {M,4>a) -> Kn(M,4> ), 

[U (t, x)\ i y IU B o ^ o Vi(t, x)] for v te[0,i], v ie S"" 1 . < 2 ' ' 

The map "J/i* is a homomorphic map. From the general property of homo- 
morphism, Tf n (M.,<f>o) is isomorphic to a subgroup of K n (M,(f>o) if is injec- 
tive. Actually, V^i, is proved to be injective, since when [f£ ] G ker^i,, i.e., 
f'<l ° ^2 ° V'l ~ l<Ao) we immediately obtain /i' o ~ 1^ D . Here 1.0 O is the map to 
<^o- Hence, n n (M.,4>a) is isomorphic to a subgroup of K n (J\A,<po)- 

Next, we show that K n (M,4>o), 7r n (M., 0o)i an d 7Ti(.M,0o) satisfy the fol- 
lowing relation: 

Kn(M,0o)/7T„(JW,<M =7Tl(M,^0). (22) 
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We restrict a domain of /? (t,x) to [0, 1] x s, where s is a fixed point in 5™ 1 . 
Since /| ^' s ) satisfies /| (°> s ) = /$(M) = <fo, /| forms a loop on .M with 
base point (fro- Thus, the homotopy equivalence class of f^ (t,s) corresponds 

to an element of ni(M, (fro). We identify the map l<j, {t) e (M, 0o) ( [ o,11,oul) 
such that ^ (i) = f^ o (t, s) for any t, and define "J 2 as a projective map from 

^ n (X,0o)to(X,,/) O V [o ' 11 ' oul) : 

* 2 : f^(t,x) ^ l lh {t) = f^{t,a) for ** e Ml/* G S" -1 . (23) 
Here, ^2 can naturally induce surjective homomorphism ^2* from n n (A4, (fro) 

to 7Tl(M,(j)o): 



*2* :« n (M, 0o ) -> ni(M,4> ), 

[/£, (*,*)] ^ [l^M = [fl(t, s )} for v ie [0,i], v xe 5 



_ , i (24) 



Moreover, ker is shown to be isomorphic to ir n (M , (fro ) : for any [f^ "](t,x) € 
kcr* 2 *, fl"{t,x) satisfies f^"(t,a) = (fro for any t G [0,1]. Then, °/| o "(*, a:) 
satisfies Eq. © and the homotopy equivalence class of f^ "(t,x) becomes an 
element of ir n (Ai, (fro). Therefore, from the homomorphism theorem for ^2*, we 
obtain Eq. (|2"2"j) . Note that, for given 7 G ir 1 (M,4'o) and a G ir n (M , (fro) , we 
obtain 7 _1 * a * 7 G 7r„(A4, 0o), and hence, % n (M., (fro) is a normal subgroup of 
k„(7W,0o)- 

Let us define an inclusion map 1 from (M, o ) ([O4l ' oul) to (X, o )([o,l]x*,ox*uix a ) 
such that 

t : ko(t) -> /£,(*, ») = I*, (*) for V i € [0, 1],« e S"" 1 . (25) 
This induces a map from iri(A4, <fro) to K„(A / i, (fro) as 
t* :tti(A^,0o) -> K n (M,<fro) 

[**,(<)] -> [/£,(*,*)] = [**»(*)] for v t e [0,l], s e ,2I>! 

Here, t* satisfies (^2)* l * = id^, where id,^ is an identity map in n\(M., (fro). 
We note that ^1*, ^2*, and t* constitute the following diagram: 

■K n {M,cfr ) ^ Kn (M,(f>o) tti(M,M- (27) 

which implies that K n {M. , </>o ) is a semi-direct product of 7Ti ( , 4>o ) and 7r„ ( M. , </>o ) 
because "fi* is injective, ^2* is surjective, ^i* and ^2* satisfy ker^ 2 » = 
n n (Ai,<fro) = im^i,,, and elements of 7Ti and those of 7r„ do not commute 
in general. Therefore, the following theorem holds 12l. Il5|. 

Theorem 1. The nth Abe homotopy group K n is isomorphic to the semi-direct 
product of 7r 1 {M., (fro) and Tr n (A4, (fro): 

K n (M,(f> ) = TCi(M,<fr ) x Tr n (M,(/>o)- (28) 
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Here, an element of n n (M, <po) is expressed as a set of elements of n n (AA , tf>o ) 
and tti(A4, <po), and for any 71,72 € t^i(-M,4>q) and ai,ct2 <E ir n (J\4 7 4>o), 
semi-direct product is defined by 

(71, ax) * (72,0(2) = (71 *72,72("i) *a 2 ), (29) 

where 7(a) = 7 _1 * a * 7. 

^46e homotopy group and topological excitations 
In this section, we show that the charge of a topological excitation, which 
coexists with vortices, is defined by the conjugacy class of the Abe homotopy 
group. 

By Theorem 1, an element of the nth Abe homotopy group n n (A4, (f>o) is 
described by a set of elements 7 € iti(M, 4>o) and a S n n (M, 4>o), which means 
that K n (M, <f>o) can simultaneously classify vortices and topological excitations 
with the dimension of homotopy n > 2 as shown in Fig. [3] When 7 = 1^ , 
(l0 o ,a) represents a situation in which there is only a topological excitation 
with n > 2. On the other hand, a = 1$ implies (7, 1^ ), which indicates that 
there is only a vortex. 

We are interested in the case in which there are both vortices and topological 
excitations with n > 2. Let us consider a coalescence of (71, a) and (72, 1<^ ): 

(71, a) * (72, 10 O ) = (71 * 72, 72(a))- (30) 

Note that 72 acts not only on 71 but also on a. As discussed in Sec. 12.21 
72(a) represents topological excitations after going through a closed loop 72. 
Therefore, the effect of vortices on topological excitations is included in the 
algebra of the nth Abe homotopy group. Note that the influence of 7 on a 
originates from noncommutativity between tti(M., 4>o) and n n (M, cj>o): if 7 and 
a are noncommutative, there is an influence since 7(a) 7^ a, whereas if they 
are commutative, there is no influence. For the latter case, Eq. ([2TH can be 
rewritten as 

(71, at) * (72, a 2 ) = (71 *72,ai *a 2 ), (31) 

which means the Abe homotopy group is given by the direct product of tti [M , 4>o) 
and TT n (M,4> ). 

Exchanging the order of the product in Eq. (f3"U|) . we obtain 

(72,l0o) * (7i)«) = (72*7i> «)■ (32) 

In this case, 72 does not act on a and thus there is no influence of the vortex. 
From this point of view, elements of k„(A^,0o) are noncommutative. Higher- 
dimensional topological excitations characterized by K n (M., 0o) depends on the 
choice of the path which passes by vortices in a manner similar to the case 
of 7Ti(A4,0o) (see Sec. 12. X[) . To define a charge which is independent of the 
choice of the path, we take the conjugacy classes of K n (A4, (j>o) as in the case of 
ni(M., 4>o). In other words, we construct classes of n n {M., cf>o) that are invariant 
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vortex 



(b) 712 (M.tyo) (<0 K 2 OM,<j> ) 



base point 



point defect 

/ 




Figure 8: Domains of elements of (a) ni(M, rf>o), (b) TT2{M, 0o)> and (c) K2(A1,<jio)- (a) The 
domain of ni(A4, <f>o) is a loop encircling a vortex, (b) The domain of iZ2(M, <f>o) is a closed 
surface enclosing a point defect, (c) The domain of K2(A4, <j>o) is a pinched torus encircling a 
vortex and enclosing a point defect simultaneously. 



under inner automorphism. Since all elements of 7r„(.M,0o) commute with 
each other, we only consider the noncommutativity of elements of 7r 1 ( J M,0o) 
and that of elements of tti(M, (f> ) and ir n (M, 4>o), an d derive the equivalence 
relation between them. 

In Fig. [5J we show possible configurations of paths describing the elements 
of 7Ti and n n . For any 71, 72 £ iti (M.,(f>o) = I7 2) in Fig. HHa), we obtain the 
relation: 

-1 (!) (2) loo\ 

7i *7 2 * 7i=72 • (33) 

For any 71,72 £ tti(M,4>o) and a& £ n n {M,<f> ) (j = 1,2,3,4) in Fig. Efb), 
the following relations hold: 



-1 (1) 
7 1 * a K ' * 71 


= «( 3 \ 


(34a) 


-1 (1) 
7 2 * a K ' * 72 


= a( 2 \ 


(34b) 


(4) -1 
7! * cr ; * 7 1 


= a( 2 ), 


(34c) 


(4) -1 
72 * cr ' * 7 2 


= «( 3 \ 


(34d) 


72 * 7i * o^ 4 ' * 


7 1 " 1 *7 2 _1 = a (1) , 


(34e) 


72^ * 7! * a'- 3 -' 


-1 (2) 

* 7j * 72 = a y ' . 


(34f) 



Equations (|34a[) - (|34dp give the complete set of relations among (z = 1,2,3, 4), 
and Eqs. (|34ef and (|34f| are derived from Eqs. (|34a|) - (|34d[) . 

We define a topological charge so that it does not depend on the choice of the 
paths. For vortices, we impose the equivalence relation ~ on Eq. ([33]) : 

7f* * 7^ * 7i ~ 1 { 2 } for V 7i S m(M, <Po), (35) 

where i = 1,2. For higher-dimensional topological excitations, we also impose 
the equivalence relation 

a (i) ^ a U) (ij = 1,2,3,4) on Eqs. (l34all - (IHidll : 

j- 1 * a <J) * 7l _ a 0") f or v 7l e tt^x^q). (36) 

Therefore, the charge of the topological excitation that coexists with vortices 
characterizes the conjugacy classes of the Abe homotopy group. Relation (|36|) 
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(a) 



vortex 




Figure 9: (Color online) (a) Two possible configurations of two vortices which are represented 
by loops 71 and 72. For 72, there are two homotopically inequivalent paths: one goes behind 
the vortex 71 and the other goes in front of it. The former is labeled ■y^ an d the latter is 
labeled 7 2 2) . They are related by 7 X 1 *7 2 1 ' *7i = 7I 1 as illustrated Fig. [2] (b) Four possible 
configurations of two vortices labeled 71 and 72 and a point defect which is represented by a 
closed surface labeled a. They satisfy the relations l|34all - l!34d| l. 



is equivalent to the equivalence relation (fT2"j) for 7r„(.M,7i). However, for the 
case of 7r„(.M,7i), the element of n \(Ai, </>o) is fixed. 
From ([35]) and (|36|) . we have 

(l^o, ai) * m o ,a 2 ) = (7*7"\ai) * (l^ ,a 2 ) 

~ (7,ai) * (7" 1 ,l0 o ) * (U ,a 2 ) 

= (7,ai) * (7^ 1 J "2) 

= (l^o^^^ai) * a 2 ). 

This result indicates that even if there is no vortex in the initial state, an 
influence of vortices emerges through vortex-anti- vortex pair creation. 

We summarize the relations between n-simple, noncommutativity of 7Ti and 
7r„, and the semi-direct product in the Abe homotopy group. 

Theorem 2. The following four statements are equivalent with each other. 

(a) The influence of vortices exists. 

(b) The order parameter manifold is not n-simple. 

(c) Elements of tti and those of 7r n do not commute with each other. 

(d) The nth Abe homotopy group K n (M.,4>a) is isomorphic to the nontrivial 
semi-direct product of tti (Ai , 4>o) and ir„ (Ai , O ) . 

From Theorem 2, we can check the influence of vortices and the structure of 
nth Abe homotopy group by calculating 7(a) = 7 _1 * a * 7. 
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3. Calculation of the influence 



In this section, we calculate 7(a) by making use of Eilenberg's theory [1 



We also use the theory of orientation of manifolds (see Refs. [16j) to calculate 
the influence of tt± on 7r„ . The goal of this section is to derive Theorem 4 and 
Corollary 1 which give simple rules for the calculation of 7(a). 

3.1. The case with M ~ S n /K 

We consider the case in which the order parameter manifold is given by 

M ~ SO(n + l)/{SO(n) x K) ~ S n /K (n>2), (38) 

where S n is an n-dimensional sphere embedded in R™ +1 and K is a discrete 
subgroup of SO(n + 1), which freely acts on S n . Hence, the nontrivial element 
g € K has no fixed points in S n . For any x & S n and g £ K, S n /K is defined 
as a set of equivalence classes under the equivalence relation x ~ fl'(x). Here, we 
focus on the case of M. ~ S n /K, since the results for this case are applicable 
for many physical systems. Examples will be given in Sec. The homotopy 
groups of S n /K are given by 

Tr 1 (S n /K,x )=K, (39a) 
% k {S n /K,x Q ) ^ (1< k < n), (39b) 
ir n (S n /K,x )=Z, (39c) 

where a; is a base point on S n /K. 

A universal covering space of S n / K is S 1 " and there is a projection map 
p : S n —> S n / K. An inverse of p is given by an inclusion map i (poi = idgn /k), 
which is a map from S n /K to S n . We call this map i lift in this paper. Define 
a map f XQ with a base point xo € S n /K as 

/ Xo :(,SV)^(S"/if,xo), (40) 

where s is a point on the domain space S 171 . By the homotopy lifting lemma (see 
e.g., Section 5 in Ref. [16|), we can uniquely specify the mapping from (S n ,s) 
to the universal covering space of (S n /K, xq) under the lift as 

h ;(S n ,s)^(S n ,x ), (41) 

where fg is defined by i as f& = i o / Xo . Here, xq is a base point on the 
universal covering space S n such that p(xo) — %o- The relations among f XQ , 
fx i Pi an d i are shown in Fig. [TO] Similarly, a map from (S 1 , s) to (S n /K,Xo) 
is lifted by i. Let 7 ff be a nontrivial element of iri(S n /K, Xq) corresponding to 
g G K. As shown in Fig. [TTJ j g is a closed path on S n /K, while its lift j g is 
a path connecting Xq and g(xo). In the calculation of 7 s (a), we first consider 
a map / xo such that a = [f Xo ], and then investigate a map 7 fl (/a )- Since 
the homotopy lifting lemma also holds for r y g (f X[) ), the lifted map 7g(/ X0 ) is 
uniquely determined. In what follows, we calculate the degree of mapping of 
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Figure 10: Diagram showing the actions of f X(t : (S n ,s) — > (S n /K, xq), inclusion map 

i : (S n /K, Xq) — > (S n , xq), projection p from S n to S n / K, and composite map /g_ : = i o / xo : 
_^ De t ween j an( j 



7(/j ) which has a one-to-one correspondence with the homotopy equivalence 
classes of j(f xo ). 

An element of ir n (S n ,xo) has a one-to-one correspondence with a degree of 
mapping from S n to S n . A degree of mapping is defined as follows: let ui be an 
n-form on S n and m{x) be a metric tensor on x, where x is an arbitrary point 
on the universal covering space 5™ of S n / K. Then, a volume form is defined by 



uj = Vdet(TO(£))di 1 A dx 2 A • • • A dx n , (42) 

where (x 1 , i 2 , •• • , x n ) is a coordinate system on S n . Let (9 1 (x) , 9 2 (x) , ■ ■ ■ ,8 n (x)) 
be an orthogonal basis at x € S n . Then, the volume form is rewritten as 

uj = e 1 (x)A9 2 (x)A---Ad n (x). (43) 

By using lo in Eq. (I42|) . a degree of mapping is defined by 

deg(/ £o ) := / fi o u, (44) 
where /? is the pullback map induced by fs„ . Next, we calculate deg(7 9 (/)) 



by using the relation derived by Eilenberg [13|, lljj : 



(%(h )ToJ = fl a og*u J + dx, (45) 

where g* is the pullback of g, where g G K is an action on the order parameter 
space g : (S n ,5io) *-> (S' n , g(xo))- Here, we have rewritten the relation in differ- 
ential forms, whereas the original one derived in Ref. [l3| was written in terms 
of the homology group. Since Eq. (|45|) is defined for the de Rham cohomol- 
ogy group, this transformation involves an arbitrary term d\- In Eq. (|45|) . the 
influence of j g on /j is translated into the action of g € K on the manifold S n . 
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Figure 11: (Color online) Lifting from (S n /K, xo) to (S n ,xo). A loop 7 9 with a base point xo 
on S n / K is mapped by i onto path 7 9 that connects xq to g(xo) 011 -5™ under the lift, where 
p(x ) = p(g(x )) = x . 



We derive a relationship between g*tu and uj. Denning x' = g(x) ( v i g iS n ), 
the volume form on x' is given by 



oj'(x') = u(g(x)) 



(46) 



= v /det(m(i'))rf£' 1 A di' 2 A • • • A ds' n . 

By using the orthogonal basis, Eq. (l4"6l is rewritten as 

w'(S') = fl' 1 ^') A 9' 2 {x') A • • • A /n (z')- (47) 

The pullback map g* acts on uj' as 

(flV)(s) = A g*9 12 A • • • A </*0' n . (48) 

The orthogonal bases (g*6 n , g*9' 2 , ■ ■ • ,#*0' n ) and (0 1 , 6 2 , ■■■ , 0") are defined on 
the same point x € S n as shown in Fig. [TSJ and therefore there is an orthogonal 
transformation O € O(n) such that 

g *e iA = o A B e B , (49) 

where A, B — 1, 2, • • • , n. The relation between g*uj' and lo is given by using 
O e O(n) as 

ff V = det(0)w. (50) 
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Figure 12: 9 A (A = 1,2, ■■■ ,n) is an orthogonal basis set on xq £ S n and 9 lA is another on 
g(xo) G S". g* is the pullback map of g G K that maps 6' A to g*9 lA at xo- Since both 9 A 
and g*9' A are defined at a;o> they transform into each other by an orthogonal transformation. 

By definition (|44|) . the degree of mapping of 7 g (/i ) is calculated as follows: 

deg(7 3 (/ 5o )) = / (7,(/* ))*w 

= / /! °<7*^+ / rfx (51) 

= det(O) / /| o w 
Js n 

= det(0)deg(/ £o ) 

Consequently deg(/s ) and deg(7 g (/j )) differ only by a factor of det(O) = ±1, 
where the sign of det(O) depends only on g e K. Defining deg(7 9 ) := det(O), 
we can rewrite deg(7 g (/j )) as 

deg(%(f £o )) = deg(%) deg(/ io ). (52) 

Since there is a one-to-one correspondence between [/s |_G ir n (S n ,xo) and 
deg(/^ ) through the Hurewise map and de Rham duality |17| . we obtain 

[%(ho)\ = lhof esi%) , (53) 

where deg(7 9 ) gives the exponent of [fz ], because the addition between elements 
of the de Rham cohomology group is homomorphic to a loop product between 
the corresponding elements of the homotopy group. Moreover, since [fx \ G 
ir n {S n ,x ) is isomorphic to [f Xo ] e ir n (S n / K) for n > 2 01, Eq. is 
expressed in terms of the elements of the homotopy groups as 

[7 9 (/,o)]=7 9 ([/.„])-[/. ] dosa) - (54) 
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The above discussions are summarized in the following theorem (13| : 

Theorem 3. For any j g g iri(S n /K, xo) (n > 2) that is induced by g E K, 
the action of j g on [f Xo ] £ n n (S n / K, xq) is given by 

7 s ([/,oD = [/*o] dcg( H (55) 
where 7 g is the lift ofj g , and deg(7 g ) = ±1. 

Since deg(7 9 ) = det(O), where O G 0(n) is a matrix representation of g*, 
deg(7 s ) is equal to —1 only when g is the nontrivial element of 0{n)/ SO(n) = 
Z 2 . If K = Z 2 (Z 2 = 0(n) I SO(n)), the order parameter space in general 
satisfies the relation: 

SO(n + l)/{SO(n) x Z 2 ) ^ S n /Z 2 ~ RP", (56) 

where MP™ is an n-dimensional real projective space. Therefore, g is equivalent 
to an antipodal map g(x) — —x, where x £ S n ~ SO(n + l)/SO(n). The 
following lemma holds for the antipodal map [l6j : 

Lemma 1. Let e and g be the elements of Z2 = 0(n)/SO(n), where g 2 = e, 
and let^f e andjg be the corresponding elements of K\(S n j^-, xq). Then, deg(7 e ) 
and deg(7 9 ) satisfy 

deg( 7e ) = 1, (57a) 
deg(7 9 ) = (57b) 

The proof of this lemma is given in, e.g., Ref. (lij . Lemma 1 means that the 
action of 0(n) j SO(n) = Z 2 on S n changes the orientation of the coordinates if 
n is even. The space in which the action changes the sign of the orientation of 
coordinates is called a nonorientable space. 

It follows from Lemma 1 that deg(7 g ) — — 1 if and only if n is even and 
g G K is the nontrivial element in 0(n)/ SO(n) = Z 2 . On the other hand, from 
Theorem 3, 7 9 (a) is calculated to be r ) g {a) = a dce ^ g \ Hence, we obtain the 
following theorem. 

Theorem 4. For any -f g £ TVi(S n /K,xo) and any a £ ir n (S n /K, xq) ( n > 2), 
7 g (a) is given by 

lg[a) J { ^ ifnise V enan d O(nySO(n)cK; (gg) 
otherwise. 

In other words, there is an influence of vortices for the case of A4 = S n /K 
if and only if n is even and K includes 0(n)/ SO(n) = Z 2 . 
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3.2. The case with M ~ (17(1) x S^/iT 

We consider the case to which we can apply Eilenberg's theory. We consider 
the order parameter manifold given by 

Ma(U(l)x SO(n + 1)/S0(n))/K' ~ (U{1) x S n )/K' (n > 2), (59) 

where K' is a discrete subgroup of £7(1) x SO(n + 1) whose element g can be 
expressed as a set of elements e %e £ £7(1) (0 < < 27r) and g n £ SO(n + 1). 
The equivalence relation imposed in A4 ~ (£7(1) x S n )/K' is given by (e^,cc) ~ 
g{e^>,x) = (e l ^ +e \g n {x)), where < < 2tt and x £ S n . The homotopy 
groups are given by 

7T!((£7(1) x S n )/K', (l,x )) S Z x h if', (60a) 
7r fc (((7(l)xS")/A',(l,x ))^0 (KA<n), (60b) 
7r n ((C/(l) x S")/A', (1, aro)) = Z, (60c) 

Here, (1, xq) is a base point in £7(1) x S n and we have defined the /i-product for 
the sake of consistency, since the right-hand side of Eq. (|60aj) can be written 
as neither the direct product nor the semi-direct product of Z and K'. For any 
k,l £ Z and g — (e l9 , g n ), g' — (e l9 , g' n ) £ K', we define the product in Z x ^ if' 
as 

• (/,<?') = (fc + i + %,<?'), (e^ +0 '- 2 ^ g ' a '^,gn9' n )). (61) 
A map ft, is a mapping from K' x if' to Z defined by 

%,p')=(° it9 + 9 ' <2 * ; («) 
[l if 6» + 6»' > 2tt. 

We prove in Appendix A that Z X/j A"' is a group. By definition, K 1 inde- 
pendently acts on £7(1) and S n . Hence, for any g — (e l6 ,g n ) £ K', g n acts 
on S n without the influence of e 10 . Therefore, we can apply the discussion in 
Theorem 4 to obtain the following corollary. 

Corollary 1. For any 7 9 £ 7Ti((£7(l) x S n )/K', (1, x )) and any a £ 7T n ([£7(l)x 
S n ]/K', (l,a;o)) ( n > 2), y g (a) is given by 

, , ia-i ifnisevenan d O(n)/SO(n)cK'; 
Ig (") = \ (63) 
otherwise. 



4. Applications to physical systems 

In this section, we calculate the Abe homotopy group k„ and its equivalence 
classes k„/ ~ for the case of liquid crystals and spinor BECs. In this section, 
we use n ox to denote the dimension of homotopy of topological excitations, 
whereas n denotes the dimension of the order parameter space (Ai ~ S n / K or 
(£7(1) x S n )/ K'). Theorem 4 and Corollary 1 derived in Sec. [3] hold for the case 
of n cx = n. 
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Liquid Crystal 

The order parameter of a liquid crystal is described with a real symmetric 
tensor, Q = -_ x z Qijdi®dj , where d is a three-dimensional unit vector, and 
Q is a real symmetric tensor, and therefore, diagonalizable. The full symmetry 
of the system is G = 50(3), and the free energy of the system is invariant 
under an arbitrary 50(3) rotation of the nematic tensor Q. Here, an element 
of M G SO {3) acts on Q as 

Q i-> MQM T , (64) 

where T denotes transpose. 

Jj.,1.1. Uniaxial nematic phase 

The order parameter of the uniaxial nematic phase is a traceless symmetric 
tensor which is symmetric under a rotation about the x axis (lij , 

Q UN = Adiag(2/3,-l/3,-l/3), (65) 

where A 6 K is an amplitude of the order parameter, and diag denotes the 
diagonal matrix. Qun is also invariant under 7r rotation about an arbitrary axis 
in the yz plane. For example, the tt rotation about the z axis is given by 

C7 = diag(-l,-l,l). (66) 

This is the case of Sec. O with n = 2 and K = Z 2 = 0(2)/SO{2). The isotropy 
group for the order parameter (f6T)|) is H = Z2 tx 50(2) = 0(2), and hence, the 
order parameter manifold is given by 

M a SO{Z)/{Z 2 k 50(2)) ~ S 2 /Z 2 ~ MP 2 . (67) 

The homotopy groups with n cx = 1,2 are given by Eqs. (I39a|) and (|39c[) . whereas 
for n GX = 3, topological charges are given by the Hopf map 7r 3 (5 2 ). For the case 
of n cx = 2, Theorem 4 tells us that there exists an influence of vortices on 
7T2. We denote a nontrivial element of the fundamental group by ^jj. Since 
U G 0(2)/50(2), the charge of 112 changes to its inverse due to the influence of 
lu- 

7u (a)=a-\ (68) 
and the equivalence relation (1361) becomes 



a^a- 1 . (69) 

Since n n (S n /K, xo) = Z (n > 2) is an additive group, an arbitrary element 
of n n (S n /K,x ) can be described by a m (m € Z), where a G ir n (S n /K,Xq) 
characterizes a topological excitation with a unit winding number. Therefore, 
the quotient group of ^(S 12 /Z2, xo) under the equivalence relation of Eq. (|69p 
has only two elements, the identity and a. As a result, the second Abe homotopy 
group and its equivalence classes under (|69l) are calculated to be 

k 2 {S 2 /Z 2 , x ) = Z 2 x Z, (70a) 
K 2 (5 2 /Z 2 ,a; )/~ = Z 2 x Z 2 , (70b) 



22 



where the second Abe homotopy group is isomorphic to the semi-direct product 
of iv i and 1^2 , since there is an influence of "fu on monopoles. When we impose the 
equivalence relation (|3"5j) and (|31))) . the relation (l3"5j) is always satisfied because 
tti is a commutative group, while the subgroup TT2 C K2 becomes Z2 by the 
relation (|3"o]l . Moreover the semi-direct product becomes the direct product due 
to the relation (yj/jI^o) * (l</> ; a ) ~ 0-4>i a ) * (YCj1<Ao)- Equation (|70b[) means 
that there are two possibilities: a monopole exists or not. In the presence of a 
vortex, a pair of monopoles can be annihilated by rotating one of them around 
the vortex. Therefore eventually only zero or one monopole can survive. Our 
result shows that such pair-annihilation process occurs by creating a pair of 
vortex and anti-vortex even when the initial state involves no vortex. For the 
case of n cx — 3, we cannot apply Theorem 4 to calculate the tti action on ir 3 , 
and therefore, we cannot make a definite statement as to whether there is the 
influence of vortices on the element of Tt 3 . 

4-1.2. Biaxial nematic phase 

The order parameter of the biaxial nematic phase is also described by a 
traceless symmetric tensor [l8j |. 

Qbn = <iiag(A 1 ,A 2 ,A 3 ), (71) 

where A\, A2, A 3 6 R are arbitrary constants that satisfy A1+A2 + A3 = 0. The 
isotropy group of the order parameter (|7Tj) is H — D2 when A\ ^ A2 , A2 7^ A3 , 
and A\ ^ A3. The order parameter manifold is given by 

M ~ SO(3)/D 2 ~ SU(2)/Q a ~ S 3 /Q 8 , (72) 

where we have used the fact that the universal covering space of SO(3) is SU(2). 
This lift involves a map from D2 to Qg, where Q% is a quaternion group Q% = 
{±1, ±icr x , H(7y, Ha z } with er^'s (/i = x,y,z) being the Pauli matrices and 
1 is an identity. Hence, this is also the case of Sec. 13.11 but with n = 3 and 
K = Qs- The homotopy groups are given in Eqs. (I39a[) - (|39cl) . There is no 
nontrivial topological excitation with the dimension of homotopy n cx = 2. On 
the other hand, there are nontrivial topological excitations with the dimension 
of homotopy n cx = 3. However, since n is odd, Theorem 4 tells us that there is 
no influence of vortices. Therefore, the third Abe homotopy group is isomorphic 
to the direct product of ~k\ and ^3: 

K 3 (S 3 /Q S , x ) =Q$xZ, 
K3 (S 3 /Qs,x )/ ~ =[Q 8 ]xZ. 

Note that since Qs is non-Abelian, the types of vortices are classified with the 
conjugacy classes of Qs, which is represented by [l[ 

[Q 8 ] = {{1}, {-1}, {±ia x }, {±ia y }, {±ia z }}, (74) 

where {• • • } means that the elements in the curly brackets belong to the same 
conjugacy class. 
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4-2. Gaseous Bose-Einstein condensates 

A spinor BEC is a BEC of atoms with internal degrees of freedom [lj^] . For a 
spin-i* 1 system, the order paramter is described by a (2F + l)-component spinor: 

* = {tpF^F-u--- ,iP-f) T , (75) 

where ip m (to = F, F — 1, • • • , — F) describes order parameter for the magnetic 
sublevel to. The free energy of the system in the absence of the magnetic field is 
invariant under the U(l) gauge transformation and the SO(3) spin rotation, i.e., 
G = £/(l)</, x SO(3)f, where the subscripts <f> and F indicate that the symmetry 
refers to the gauge and spin symmetry, respectively. Topological excitations in 
spinor BECs are discussed in 2(| 21 1. We consider here spin-1 and spin-2 spinor 
BECs. 

4.2.1. Spin-1 BECs 

There are two phases in a spin-1 BEC: the ferromagnetic (FM) phase and 
polar (or antiferromagnetic) phase 22, 23] . The normalized order parameter for 
the FM phase is given by 

¥fcrro= (1,0, Of, (76) 

which has the isotropy group H = U(1)f.</>- The order parameter manifold is 
given by 

M (C/(l) x SO(3) f )/U{1)f,$ * SO(3) F ^ ^ SU(2)/Z 2 ~ S 3 /Z 2 . (77) 

This is the case discussed in Sec. 13.11 with K = Z 2 = {1,-1} G SU(2) and 
n = 3. In the FM phase, there is no stable topological excitation with n cx = 2, 
while topological excitations with stable and labeled with integers 



24j . The influence of vortices on ttt, is trivial because n is odd. Note that 
although the fundamental group is isomorphic to that of the uniaxial nematic 
phase in the liquid crystal, there is no influence of vortices in the present case 
since the dimension n of the order parameter space is odd. The third Abe 
homotopy group is isomorphic to the direct product of 7Ti and ^3: 

k 3 (SO(3) f ,<i>, x ) = %2 x Z, (78a) 
k 3 (SO(3) f ,^ xq)/ ~ = Z 2 xZ. (78b) 

The order parameter of the polar phase is given by 

*polar= (0,1, Of, (79) 

which has the isotropy group H = {"L^f^ x SO(2)f — 0(2) p. 4,- The order 
parameter manifold is calculated as [25j 

M ~ [U{1) x SO{3) f )/((Z 2 )f,4, x SO(2) F ) ^ (f/(l) x S F )/{Z 2 ) F ,^ (80) 



and this is the case discussed in Sec. 13.21 with K' = [Z 2 )p^ and n = 2. The 
homotopy groups with n cx = 1 and 2 are given by Eqs. (|60aj) and ()60cp 2(| 27 1, 
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respectively, whereas the topological charge for n cx — 3 is given by the Hopf 
map. In the polar phase, the second homotopy group has nontrivial elements, 
which characterizes monopoles or two-dimensional skyrmions, while the third 
homotopy group represents knot solitons defined by the Hopf map 28] . Since 
K 1 = I2 = 0{2) < f >: F I SO(2)p, Corollary 1 shows that there exists an influence 
of vortices on -K2- Hence, the second Abe homotopy group and its equivalence 
classes are given by 

«2((tf(l)* x S 2 F )/{1 2 ) F ^ (1,x )) = {Zx h (Z 2 ) F , ) k Z, (81a) 
*i((U(l)f x S 2 f )/{1 2 )f^ (Mo))/ ~ <* (Z x h (Z 2 ) F , ) x Z a . (81b) 

The conjugacy class of Abe homotopy group is obtained by imposing the equiv- 
alence relations (1331) and ([55]). The relation (l3"5"j) is always satisfied because 
Zx/i (1i2)ct>,F is an additive group, while the relation (|36[) reads a ~ oT , where 
a G 7T2. Hence, K2/ ~ becomes the direct product of 7Ti and 7T2- The influence of 
773, however, cannot be calculated at this stage since we cannot apply Corollary 
1 to this case. 



12.2. Spin-2 BECs 

The order parameter of a spin-2 BEC has five complex components; 

* = (i>2,Mo, i>-i,^- 2 ) T . (82) 
This system accommodates the ferromagnetic (FM) , cyclic 2i| 3(J 3l| , uniaxial 



nematic (UN), and biaxial nematic (BN) phase in the absence of the magnetic 
field. The phase diagram is the same as that for <i-wave superconductors [32|]. In 
the mean-field approximation, the UN and BN phases are degenerate. However, 
since quantum and thermal fluctuations are known to lift the degeneracy [U 



34 |35[ , we treat these phases independently. We also consider the topological 
excitations in the degenerate order-parameter space. Since the influence of 
vortices in the FM phase is essentially the same as that in the spin-1 FM phase, 
we do not discuss this case. 

Let us discuss the cyclic phase. The order parameter is written as 

*cyciic- i(z,0,V2,0,z) T , (83) 

whose isotropy group H is a tetrahedral group Tf >( /> [Io|, H^. Therefore, the 
order parameter manifold is given by (20I l3a | 

M = (t/(l) x SO(3) F )/T F ^ * (C/(l) x S F )/T* F(j> . (84) 

This is the case discussed in Sec. 13.21 with K' = T F ^ and n — 3. Here, we lift 
U{\)t x 50(3) F to U(l) x SU(2), and T F ,4, to T F ^, where T F (f> is defined by 

T* (0 = {(1, ±1), (1, ±ia x ), (1, ±ia y ), (1, ±ia z ), 

(e^iCy, (e^ 1 ,±i(T x C 3 ), (e^ 1 ,±ia y C 3 ), (e 2 ^ , ±ia z C 3 ), 
(e^,±C|), (e^.ii^Cf), (e^P ,±ia y Cl), (e^,±^C 3 2 )}. (85) 
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Here, C3 £ SU(2) represents a 2ir/3 rotation around a vector (1, 1, 1), 




Then, homotopy groups in the cyclic phase are given in Eqs. (|60aj) - (|60cp . The 
influence of vortices on tt^ does not exist because n is odd. Thus, the third Abe 
homotopy group becomes the direct product of m and ^3: 

K 3 ((f/(1) x SO(3) F )/T F , 4> ,(l,x )) S (Z x h Tf ) x Z, (87a) 
« 3 ((f/(l)0 x S , 0(3)F)/T^,(l,a!o))/~= [Z x h Tf J x Z, (87b) 

w here [Z x h Tp J is the conjugacy class of Z x^ T£ , whose elements are listed 
in |Appendix fj| Equations (|87a[) and (|87b|) show that vortices and topological 
excitations of 7r3 are topologically independent. 

The order parameter in the UN phase is given by 

* UN - (0,0,1,0,0) T . (88) 

The isotropy group of the UN phase is (Z 2 )jr x SO(2) f = 0(2) F . Therefore, 
the order parameter space is given by |33| 

M ~ U(l)4, x S 2 f /(Z 2 )f, (89) 

and the results in Sec. 13.21 are applicable, where K' = (Z 2 )f and n = 2. 
The homotopy group with n cx = 1,2, and 3 are given by Eq. (|60a[) . (|60c|) . 
and the Hopf map ir 3 (S 2 ), respectively. In this case, since Z 2 does not include 
elements of U(l), the fundamental group becomes the direct product of Z and 
Z 2 rather than the ^-product. Therefore, the calculation of the influence of 
vortices can be carried out in a manner similar to the case of 5 2 /Z 2 . Since 
K' = Z 2 = 0(2)p / SO(2)p, the second Abe homotopy group is a nontrivial 
semi-direct product of tt± and 7r 2 : 

n-2{U[l) 4 x S F /(Z 2 ) F , x ) Si Z x Z 2 x Z, (90a) 
k 2 (C/(1) x S 2 f/(Z 2 ) f , ar )/ ~ = Z x Z 2 x Z 2 , (90b) 

where the semi-direct product of 7Ti and 7r 2 reduces to Z 2 x Z 2 by the equivalence 
relation. The third Abe homotopy group, however, cannot be calculated in this 
manner because Theorem 4 is not applicable. 

Next, the order parameter of the BN phase is given by 

* BW = -i=(l, 0,0,0, if, (91) 

whose isotropy group is H = {D±)f,4>i where {D4)f <h is the fourth dihedral 
group, and the order parameter manifold is given by [33| 

M ~ (C/(l) x SO(3)f)/(D 4 ) f ,4, * (1/(1)4, x S%)/(DX)f^ (92) 
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When wc lift 17(1) x 50(3) to 17(1) x SU(2), (77 4 ) F , is lifted to (7> 4 *) F , : 




(-E>4*)f,0 = {(1, ±1), (1, ±i(Tx), (1) ±i<Ty), (1, ±W7-*), 

(e i7r , ±C 4 ), (e M , ±Cf), (e M , ±icx x C 4 ), (e OT , ±za x Cf)}, (93) 
where C 4 € SU(2) represents a 7r/2 rotation about the z axis, which is given by 

(94) 

This is the case discussed in Sec. I3.2l with K' = (D 4 *)f,0 and n — 3. Therefore, 
homotopy groups in the BN phase are given by Eqs. (|60a[) - (I60c|) . In the BN 
phase, there is no topological excitation with dimension of homotopy n cx = 2, 
whereas there are three-dimensional skyrmions labeled by elements of 1T3. The 
influence of vortices on however, is trivial since n is odd. Hence, the third 
Abe homotopy group is given by 

K 3 ((t/(1V x 5O(3) F )/(77 4 ) F , , (1, xo)) = (2x k (Dl) F ^) x Z, (95a) 
n 3 ((U(l)^ x SO(3) F )/(D 4 ) F ^, (1, x ))/ ~ = [2x h [D%) F4 ] x Z, (95b) 

where the third Abe homotopy group becomes the direct product of m and 773. 
Here, [Z Xh {D\)p^] is the conjugacy class of Z x^ {D\)f,<p, which is shown in 
|Appcndix B| According to (|95a[) . vortices and three-dimensional skyrmions are 
independent of each other in the BN phase. 

Finally, let us consider the case in the absence of quantum fluctuations. In 
this case, the UN and BN phases are degenerate. The order parameter that 
describes both phases is given by 



* = (sin?7/V2,0,cosr?,0,sin?7/V2) J , (96) 

where i] varies from to 7r/3. When 77 = tt/3, A4 is the order parameter 
space of the UN phase. When 77 = tv/6, M. is the order parameter of the BN 
phase. Otherwise, they have the isotropy group H = (D 2 )f- The degree of 
freedom of 77 originates from the fact that the nematic phase has the accidental 
symmetry bigger than other phases, resulting in the emergence of the quasi- 
Nambu-Goldstone mode [35| 0- The full symmetry of the nematic phase is 
G = U(l)<f, x SO(5)a 20 > where subscript A 2 o represents the symmetry preserving 
a singlet-pair amplitude. 

The isotropy group of the nematic phase is H = (Z 2 )a^ s x SO(4)a 2 
O(4)j4 2Oi 0. Thus, the order parameter manifold is given by 



M ~ {IHI)* x SO(5) A20 )/((Z 2 ) A20 .^ x SO(4) A20 ) ~ (C/(l) x S A J/(Z 2 ) Awi<t> . 

(97) 



The accidental symmetry, resulting in the emergence of quasi-Nambu-Goldstone mode, 
also occurs in superfiuid 3 He-A 37, 38, 39] and liquid crystals. In these systems, the homotopy 
classification has been applied for the investigation of core structures of vortices l40t |41H . The 
stability of vortices in theories with quasi-Nambu-Goldstone modes has been also studied in 
the context of supersymmetric gauge theories [42t |43| . 
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This corresponds to the case discussed in Sec. 13.21 with K' — (Z 2 )yi2o,0 an d 
n = 4. The conventional homotopy groups in the nematic phase are given in 
Eqs. (|60a|) - (|60c[) . In the nematic phase, 7r 2 and tt 3 are trivial and thus a 
point defect and a three-dimensional skyrmion are unstable. However, there is 
a nontrivial element of 7T4, which is given by 

M(U(1)^ x S a J/(Z 2 )a 20i<p , (1, so)) = Z, (98) 

where 7T4 is interpreted as a describing four-dimensional texture called an instan- 
ton. The instanton is point-like in the four-dimensional Euclidean space includ- 
ing time. Since n is even and K' = Z 2 = O{A)a 20 ,4>I SO(4)a 20 i from Corollary 1, 
the influence of vortices exists. The influence of votrices restricts the instanton 
charge to Z 2 because the equivalence relation (|3"o]l gives (3 ~ (f3 g ir^). The 
fourth Abe homotopy group and its conjugacy class are given by 

K4 ((C/(1) x S a J/(Z 2 )a 20 ^(1,x )) = (Z x h (Z 2 ) A20 ,^) k Z, (99a) 
K*((tf(l)* x 5l 20 )/(Z 2 ) A20 ^,(l,x ))/ ~ S (Z x h (Z 2 )^ 2O>0 ) x Z a . (99b) 

Therefore, the instanton charge by 7T4 cannot be defined uniquely due to the 
influence of vortices. The real charge should be defined by the conjugacy classes 
of the fourth Abe homotopy group. 

The topological charge under the influence of vortices is summarized in Ta- 
ble [1] in which topological excitations in superfluid helium 3 are also classified. 
The order parameter space for superfluid helium 3 is given in Ref. Q. The 
homotopy groups and the conjugacy classes of Abe homotopy groups are listed 
in Table. H 

5. Summary and Concluding Remarks 

In this paper, we provide the classification of topological excitations with 
the dimension of homotopy n > 2 based on the Abe homotopy group. When 
there exist vortices, 7r n does not give a consistent topological charge. The Abe 
homotopy group is applicable to classify topological excitations in the presence 
of vortices and its conjugacy classes give a physically consistent charge. We 
have shown the following results: 

• The conjugacy classes of the Abe homotopy group is equivalent to the 
type of topological excitations that coexist with vortices. 

• The vortex and anti-vortex pair creation, even if it is a virtual process, 
gives the influence on topological excitations, and, therefore, the influence 
of vortices always exists. 

• The relationship between a vortex and a topological excitation with the di- 
mension of homotopy n > 2 is determined solely by the noncommutativity 
of elements between 7Ti(.M, 4>o) and ir n (M., (f>o). 
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Table 1: Topological charge for the dimension of homotopy n cx = 2 and 3 in the presence of 
vortices. Here, UN, BN, and FM stand for uniaxial nematic, biaxial nematic, and ferromag- 
netic phases, respectively. In superfluid 3 He, we classify 3 He-B, 3 He-A, and 3 He-Ai phases. 
When there exists the influence of vortices, we show how the topological charges due to the 
influence of vortices. For example, for the case of the UN phase in a liquid crystal, Z — ¥ Z2 
in the column of n ex = 2 indicates that although 772 = Z, the topological invariant which 
describes a monopole is reduced to Z2 due to the influence of vortices. When it is Z, there is 
no influence of vortices. Here, indicates that there is no nontrivial topological excitation. 
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Table 2: Classification of the Abe homotopy group for liquid crystals, gaseous Bose-Einstein condensates (BECs), and superfluid 3 He-A, 3 He- 
Ai, and 3 He-B phases Q, 0|, where [•••] denotes the conjugacy class, Qg is the quaternion group, and D n and T are the nth dihedral group 
and tetrahedral group, respectively. The subscripts <j>, F, and A20 refer to the gauge symmetry, the hyperfine-spin symmetry, and the symmetry 
preserving the spin-singlet amplitude, respectively. The subscript of S and L describe the spin and orbital symmetries. We denote a vortex as 
% x h (K)p ^ in spinor BECs, where group K is constructed based on the composite symmetry between the gauge symmetry <f> and the hyperfine- 
spin symmetry F. For any n, m £ 2,,g,g' 6 K, (n,g) E 2 Xj, (K)f^ satisfies that (n,g) ■ (m, </) = (n + m + h(g ■ g'),g ■ g'), where map 
h : K X K -> Z is defined such that h{g,g') = when + 9' < 2n and h{g,g') = 1 when 6 + 0' > 2tt. K* is defined as f(K) := K* by the map 
/ : 1/(1) X 50(3) — > 1/(1) x SU(2). In the nematic phase of a spin-2 BEC, there is a nontrivial influence on 7T4, which is classified by the fourth Abe 
homotopy group: K 4 ([C/(1)^ x S\ ]/(Z 2 )a 20 ,<*» C 1 . x o)) = Z x h (Z 2 )f,^, x Z 2 . 
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• Ifthe order parameter manifold is SO{n+l)/(KxSO(n)) (K C SO(n+l)) 
or (U(l) x SO(n + l)/SO{n))/K' (K' C U(l) x SO(n + 1)), there exists 
an influence of vortice on 7r„ if and only if n is even, and either K or K' 
includes 0(n)/SO(n) ~ Z 2 . 

We summarize the main results of each section. In Sec El we showed that the 
topological charge under the influence of vortices is determined by the conjugacy 
classes of the Abe homotopy group. The influence of vortices corresponds to 
the nontrivial semi-direct product in the Abe homotopy group. In order to 
define the physically consistent charges, we take the conjugacy class not only 
of elements between iri(A4,(f>o) but also of elements between iri(A4,(f>o) and 
7r„ ( M. , tfio ) . The equivalence relations lead to 7(a) ~ a for 7 g iri(Ai,(j)) and 
a G TT n (M,(j)). Here, 7(a) describes the ni(M,4>o) action on Tr n (M, </>o). 

In Sec. |3l we developed the method to calculate 7(a) by using the differ- 
ential form of Eilenberg's theory. As a result, we proved that TT n (S n / K, xq) or 
7Tn((f (1) x S n )/K', (1, xq)) has the nontrivial influence of vortices only if n is 
even and either K or K 1 includes 0{n) / SO(n) = Z 2 . 

In Sec. SI we calculated the Abe homotopy group for liquid crystals, gaseous 
spinor BECs, and the 3 He-A and B phases [5|. We classfied the topological 
excitation with the dimension of homotopy n > 2, and showed that the influence 
exists for the following systems: 7r 2 of the nematic phase of the liquid crystal 
[9], 7r 2 of the 3 He-A dipole-free state [H, 7r 2 of the spin-1 polar phase and the 
spin-2 UN phase, and 714 of the spin-2 nematic phase in gaseous BECs. Here, 
774 describes the instanton, whose charge is reduced from Z to Z 2 due to the 
influence of vortices. 

An important finding obtained by using the Abe homotopy group is that the 
vortex and anti- vortex pair creation process also gives the influence on topolog- 
ical excitations. Because such a pair can be created in a virtual process, the 
influence always exists. This consequence might be relevant to the monopole 



problem in GUTs. If an Alice cosmic string exists in the Universe [4J|, the 
monopole charge is reduced to Z 2 . Thus, the Abe homotopy group may provide 
a new insight into the monopole problem. 
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Appendix A. The group property of Z Xj, K' 

We show that the product in Z Xh K' defined in Eqs. (jBTj) and (1521 satisfies 
the associative property and has the inverse. Here, K' is a subgroup of 17(1) x 
SO(n+l). Let (k, g), (l,g'), and (m, g") be elements of Zx^K' where k,l,m E Z 
and g = (e* e ,g n ),g> = (e iS ' , g'J, g" = {e ie " € K> with < 9,9', 6" < 2tt 
and gn,g'ni9n € SO(n + 1). First, we verify the associative law. Following the 
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definition of the fo-product given in Eq. (|5T|) , the product of three elements of 
Z X/j if' is calculated as follows: 

(k,g)-((l,g')-(m,g")) 

= (k + l + m + h{g',g") + h(g,g'g"), ^'^"-^M^-MMf))^^ 

(A.la) 

((k,g)-(l,g'))-(m,g") 

= {k + l + m + h(g, g') + h{gg',g"), (e^^'-^^-^^^g^)). 

(A.lb) 

We compare these products for all possible combinations of 9,9' and 8". 
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9' > 2vr, 9' 4 


-61" > 2vr,6> 


+ 9" > 2tt, 




(A.2a) 


(b) 


9 + 


6»' > 2tt, 6" 4 


-9" < 2tt,9 


+ 9" > 2tt, 




(A.2b) 


(c) 


9 + 


6" < 2tt, (9' 4 


-9" > 2tt,9 


+ 9" > 2tt, 




(A.2c) 


(d) 


9 + 


6" > 2tt, 6" 4 


-9" > 2tt,9 


+ 9" < 2tt, 




(A.2d) 


(e) 


9 + 


6" > 2tt, 0' 4 


- 9" < 2vr, 9 


+ 9" < 2tt, 




(A.2e) 


if) 


9 + 


6" < 2tt, 0' 4 


-9" > 2vr,6> 


+ 9" < 2vr, 




(A.2f) 


(g) 


9 + 


6" < 2tt, 0' 4 


-9" < 2tt,9 


+ 9" > 2ir, 




(A.2g) 


(h) 


9 + 


6" < 2tt, 0' 4 


-9" < 2tt,9 


+ 9" < 2vr, 9 + t 


+ 9" > 2tt, 


(A.2h) 


W 


9 + 


6" < 2tt, 6" 4 


-9" < 2tt,9 


+ 9" < 2vr, 9 + t 


9' + 9" < 2ir. 


(A.2i) 



In the following, we calculate h(g,g'), h(g',g"), h(gg',g"), and h(g,g'g") to 
show that the relation 



Kg, g') + h(gg', g") = h(g',g") + h(g, g'g"), 
is satisfied for all cases. 



(A.3) 



(a) From 9+9' > 2ir and 9' +9" > 2ir, we obtain h(g, g') = 1 and h(g', g") = 1. 
Since gg' = {e l{e+e '\g n g' n ) and 2tt < 9 + 9' < 4n, we should subtract 2n 
from 9 + 9' . Thus, h(gg' ', g) is given by 



Hggig") 

Similarly, h(g,g'g") is given by 

Kg, a'g") - 



if 9 + 9' + 9" - 2n < 2tt; 

1 if 9 + 9' + 9" - 2vr > 2tt. 



if 9 + 9' + 9" - 2vr < 2tt; 

1 if 9 + 9' + 9" - 2vr > 2tt. 



(A.4) 



(A.5) 



Therefore, h(gg',g") is equivalent to h(g,g'g"), and we obtain Eq. (|A.3[) . 
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(b) ,(e) From 9+9' > 2n and 9' +9" < 2tt, we obtain h(g, g') = 1 and h(g' , g") = 0. 

By the inequality 9' + 9" < 2tt, we obtain 6 + 6' + 9" - 2ir < 6 < 2tt. 
Hence, we obtain h(gg',g") — 0. On the other hand, since we obtain 
9 + 9' + 9" > 2tt and 9' + 9" < 2ir , we get h(g, g'g") = 1. 

(c) ,(f) From 9+9' < 2tt and 9' +9" > 2ir, we obtain h(g, g') = and h(g', g") = 1. 

Similarly to (b), by 9 + 9' < 2tt, we obtain 9 + 9' + 6" -2-k < 9" < 2ir. We 
can get h{g,g'g") = because of 2tt < 9' + 9" < 4tt. On the other hand, 
since we obtain 9 + 9' + 9" > 2ir and 9 + 9' < 2ir , we get h(gg', g") = 1. 

(d) From 9+9' > 2tt and 9' +9" > 2tt, we obtain h(g, g') = 1 and h(g', g") = 1. 
Since 9 + 9' + 9" - 2tt < 2tt for both h(gg',g") and h{g,g'g"), we obtain 
h(gg',g") = O a ndh(g,g'g") = 0. 

(g) From 9+9' < 2n and 9' +9" < 2tt, we obtain h(g, g') = and h(g', g") = 0. 
On the other hand, since 9 + 9' + 9" > 2ir for both h{gg',g") and h(g,g'g"), 
we obtain h(gg',g") = 1 and h(g,g'g") = 1. 

(h) From 9+9' < 2ir and 9' +9" < 2ir, we obtain h(g, g') = and h(g' , g") = 0. 
On the other hand, from 9 + 9' + 9" > 2tt, we obtain h(gg',g") — 1 and 
h(g,g'g") = l. 

(i) From 9+9' < 2ir and 9' +9" < 2tt, we obtain h(g, g') = and h(g' , g") = 0, 
respectively. We also have h(gg',g') = h(g,g'g") — because of 9 + 6' + 
9" < 2-n. 

Next, we show that there exists the unique inverse of (k,g) G Z X/j K' . We 
assume that (l,g') and (m,g") are the inverse elements of (k,g) such that 

(k, g) ■ (I, g') = {k + l + h(g, g'),gg') = (0, e), (A.6a) 
(k,g) ■ [m,g") = (k + m + h(g,g"), gg") = (0,e), (A.6b) 

where (0, e) is the identity element of Z x h K. From Eqs. (|A.6a[) and (|A.6b[) . we 
obtain g' = g^ 1 and g" = g . Thus, we get <?' — g" and h(g,g') = h(g,g") — 
h(g, = 0. Moreover, since k + 1 — and k + m = 0, we obtain I = m = —k. 
Therefore, the inverse of (k,g) is only (—k^g -1 ). 

Appendix B. The conjugacy classes of the fundamental group in the 
cyclic and BN phases 

In the spin-2 BEC, the cyclic and BN phases accommodate many different 
types of vortices, which can be distinguished by the conjugacy classes of the fun- 
damental group. Here, we enumerate the conjugacy classes of the fundamental 
group in both cases. First, the fundamental group in the cyclic phase is given 

by 

ni((U(l)* >< S 3 F )/Tl F ,(l,x ))=Zx h Tl F . (B.l) 
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From Eq. (|55|) , the elements of Z X ft Ti F are given by 

{(n, (1,±1)), (n, (l,±ia x )), (n, (l,±ia y )), (n, (l,±ia z )), 

(ra, (e^,±C 3 )), (n, (e^, ±ia x C 3 )), (n, (e^ , ±ia y C 3 )) 1 (n, {e^ , ±ia z C 3 )), 

(n, (e^ 1 , ±C* 2 )), (n, (e^r 1 , ii^Cf )), (n, (e^ , ±«r y Cg)), (n, (e^r 1 , ±i<7 z Cf )}, 

(B.2) 

where their product is definded in Eq. (RTLl) . The conjugacy classes of Eq. (|B.2[) 
are given by [36] 

{{(n, (1, 1))}, {(n, (1, -1))}, {(n, (1, ±i<r x )), (n, (1, ii^)), (n, (1, ±«7,))}, 

{(n, (e^,C 3 )), (n, (e 2 ?", -ia x C 3 ), (n, (e 2 ^, -icr y C 3 )), (n, (e 2 ^, -icr 2 C 3 ))}, 

(ti, (e 3 ,icr x C 3 )),(n,(e 3 , iCT y C 3 )), (n, (e 3 ,ict z C 3 ))}, 

{(n, (e^\Cf)), (n, (e^Vc^Cf )), (n, (e^.t^Cf )), (n, (e^io^Cf))}, 

{(n, (e^r 1 , -C*f)), (n, (e^r 1 , -ia x C%)), (n, (e^r 1 , -icr^C 2 )), (ti, (e^r 1 , -kr z C 2 ))}}. 

(B.3) 

Hence, we obtain seven different conjugacy classes for the fixed n. 

Next, we consider the BN phase. The fundamental group is given by 

tti((^(1)^ x S%)/{D\)^ F , (l,x )) ~Zx k {DD^p. (B.4) 

From Eq. (|55|) . elements of Z (DD^p are represented as 

{(n, (1,±1)), (n, (1, ±zcr x )), (n, (l,±i<7„)), (ra, (l,±ia z )), 

(n, (e™,±C 4 )), (n, (e i7r , ±C7 4 3 )), (n, (e <7r , ±ia x C A % (n, (e i7r , ±ia x Cl))}. (B.5) 

where their product is definded in Eq. (|6Tj) . The conjugacy classes of Eq. (|B.5|) 
is given by 

{{(ti, (1, 1))}, {(n, (1, -1))}, {(n, (1, ±ia,))}, 

{(ti, (1, iio-,)), (n, (1, ±«r w ))}, {(n, (e iw , C 4 )), (n, (e i7r , -C 4 3 ))}, 

{(ti, (e^, -C 4 )), (n, (e i7r , C 4 3 ))}, {(n, (e i7r , iioiA)), (ti, (e**, ±i<7 x Cf))}}. 

(B.6) 

Therefore, we obtain seven different conjugacy classes for the fixed n. 
References 

[1] N. D. Mermin, Rev. Mod. Phys. 51, 591 (1979). 
[2] H.-R. Trebin, Adv. Phys. 31, 195 (1982). 
[3] L. Michel, Rev. Mod. Phys. 52, 617 (1980). 



34 



[4] V. P. Mincev, Topological stable Defects and Solitons in Ordered Media, 
Classical Reviews in Physics, Vol.1, Harwood Accademic Publishers Am- 
sterdam, (1998). 

[5] G. E. Volovik, The Universe in a Helium Droplet, Oxford University Press, 
Oxford, (2003). 

[6] T. W. B. Kibble, J. Phys. A9, 1387 (1976). 

[7] W. H. Zurek, Nature (London), 317, 505 (1985). 

[8] G. E. Volovik and V. P. Mineev, Zh. Eksp. Teor. Fiz. 45 1186 (1977) [Sov. 
Phys. JETP 45, 1186 (1977)]. 

[9] N. D. Mermin, J. Math. Phys. 19 1457 (1978). 

[10] A. S. Schwarz, Nucl. Phys. B 208, 141 (1982). 

[11] M. Bucher,H.-K. Lo, J. Preskill, Nucl. Phys. B 386 3 (1992). 

[12] M. Abe, Jap. J. Math. 16, 179 (1940). 

[13] S. Eilenberg, Fund. Math. 32, 167 (1939). 

[14] M. Kobayashi, Y. Kawaguchi, M. Nitta, and M. Ueda, Phys. Rev. Lett. 
103, 115301 (2009). 

[15] R. H. Fox, Ann. Math. 49, 471 (1948). 

[16] M. J. Greenberg, J. R. Harper, Algebraic Topology, A First Course, Ben- 
jamin/Cummings, Reading, MA, 1981. (1981). 

[17] The Hurewise map is the map h : [fy ] G n n (S n ,x ) H> /| [cr] G H n (S n ), 
where [a] G H n (I n ,dl n ) is a relative homology group of (I n ,dl n ), J" is 
an rt-dimensional cube, and dl n is a boundary of I n . Eilenberg proved 
that Hurewise map h commutes with j g such that h(j g (fx )) = g*h(fi ), 
where g„ is an induced map of g. By the de Rham duality, [a] corresponds 
one-on-one to [w] G H n (S n ). Therefore, we can use Eilenberg's theorem 
for the de Rham cohomology group. 

[18] P. D. Gennes and J. Prost, The Physics of Liguid Crystals, Oxford Uni- 
versity Press, Oxford, (1993). 

[19] M. Ueda and Y. Kawaguchi. larXiv: 1001 .20721 

[20] H. Makela, Y. Zhang, and K.-A. Suminen, J. Phys. A: Math. Gen. 36, 
8555 (2003). 

[21] S. -K. Yip, Phys. Rev. A 75, 023625 (2007). 
[22] T.-L. Ho, Phys. Rev. Lett. 81, 742 (1998). 



35 



[23] T. Ohmi and K. Machida, J. Phys. Soc. Jpn. 67 1822 (1998). 
[24] U. A. Khawaja and H. Stoof, Nature (London) 411 918 (2001). 
[25] F. Zhou, Phys. Rev. Lett. 87, 080401 (2001). 

[26] U. Leonhardt and G. E. Volovik, Pis'ma Zh. Eksp. Teor. Fiz. 72, 66 (2000) 
[JETP. Lett. 72, 46 (2000)]. 

[27] H. T. C. Stoof, E. Vliegen, and U. Al Khawaja, Phys. Rev. Lett. 87, 
120407 (2001). 

[28] Y. Kawaguchi, M. Nitta, and M. Ucda, Phys. Rev. Lett. 100, 180403 
(2008). 

[29] M. Koashi and M. Ucda, Phys. Rev. Lett. 63 013601 (2000). 

[30] M. Ucda and M. Koashi, Phys. Rev. A 65 063602 (2002). 

[31] C. V. Ciobanu, S.-K. Yip, and T.-L. Ho, Phys. Rev. A 61 033607 (2002). 

[32] N. D. Mcrmin, Phys. Rev. A 9, 868 (1974). 

[33] J. L. Song, G. W. Semcnoff, and F. Zhou, Phys. Rev. Lett. 98 160408 
(2007). 

[34] A. M. Turner, R. Barnett, E. Demler, and A. Vishwanath, Phys. Rev. 
Lett, 98 190404 (2007). 

[35] S. Uchino, M. Kobayashi, M. Nitta, and M. Ueda, Phys. Rev. Lett. 105 
230406 (2010) 

[36] G. W. Semcnoff and F. Zhou, Phys. Rev. Lett. 98, 100401 (2007). 

[37] G. E. Volovik and M. V. Khazan, JETP. 55, 867 (1982); G. E. Volovik 
and M. V. Khazan, JETP. 58, 551 (1983). 

[38] S. P. Novikov, Uspckhi Mat. Nauk, 37, 3 (1982). 

[39] T. Brauner , Symmetry 2, 609 (2010). 

[40] N. D. Mermin, V. P. Mineyev, and G. E. Volovik, J. Low. Temp. Phys. 
33, 117 (1978) 

[41] I. F. Lyuksyutov, JETP. 48, 178 (1978) 

[42] A. A. Pcnin, V. A. Rubakov, P. G. Tinyakov, and S. V. Troitsky, Phys. 
Lett. B 389, 13 (1996). 

[43] A. Achucarro, A. C. Davis, M. Pickles, and J. Urrestilla, Phys Rev. D 66, 
105013 (2002). 

[44] J. Prcskill, Phys. Rev. Lett. 43, 1365 (1979). 



36 



